The predominant force balance in rapidly rotating planetary cores is between Coriolis, pressure, buoyancy and Lorentz forces. This magnetostrophic balance leads to a Taylor state where the spatially averaged azimuthal Lorentz force is compelled to vanish on cylinders aligned with the rotation axis. Any deviation from this state leads to a torsional oscillation, signatures of which have been observed in the Earth's secular variation and are thought to influence length of day variations via angular momentum conservation. In order to investigate the dynamics of torsional oscillations, we perform several three-dimensional dynamo simulations in a spherical shell. We find torsional oscillations, identified by their propagation at the correct Alfvén speed, in many of our simulations. We find that the frequency, location and direction of propagation of the waves are influenced by the choice of parameters. Torsional waves are observed within the tangent cylinder and also have the ability to pass through it. Several of our simulations display waves with core travel times of 4 to 6 years. We calculate the driving terms for these waves and find that both the Reynolds force and ageostrophic convection acting through the Lorentz force are important in driving torsional oscillations.
93
and pressure, p are:
+ P m 2 Ra P r T r + P m∇ 2 u,
∂T ∂t + (u · ∇)T = P m P r ∇ 2 T + sgn( ),
Equations (2) to (4) are the incompressible Navier- 
The radius ratio, β = ri/ro, is an additional parameter but 
128
For later convenience, we also define two further quan- Lorentz, Coriolis and Archimedean forces). Taylor (1963) 148 noted that in systems where the force balance is magne-149 tostrophic the constraint
arises.
151
The 
162
Upon consideration of the time derivative of the expression for FL in (12) we find that we require expressions for the time derivatives of components of the magnetic field. We substitute from the induction equation and retain all terms on the right-hand-side of (4), to determine thaṫ
In order to make further progress we use the definitions of (9) is purely geostrophic as explicitly stated by Taylor (1963) .
171
In reality the convection will be operating, to some degree,
172
on all timescales and this phenomenon is likely to be an im-173 portant driving mechanism. Hence rather than assuming a 174 geostrophic form for our velocity fluctuation we instead split 175 it into geostrophic (sζ ) and ageostrophic parts (u A ) so that
Upon substitution of these forms into our expression forḞL,
177
we find that ζ only appears in the first term on the right-178 hand-side of (14). Considering only the mean magnetic field 179 parts of this term and calling itḞLR gives
where we have defined the Alfvén speed, UA. Equation (14) 181 can then be written as
whereḞLD is a complicated expression made up of the re- 
186
If we now take the time derivative of (10) and use the 187 result of (17) we find that 
we find that FLR is the restoring force whereas FLD, FR and
196
FV are driving forces.
197
Torsional waves in the core must be driven and dissi- 
Output parameters

208
In addition to quantities described in subsection 3.1 we also output several other parameters from our simulations. The magnetic Reynolds number, Elsasser number, Rossby number and dipole moment are defined by with stress-free boundaries as way of comparison.
232
In parameter space we perform simulations at a range of by decreasing the Ekman number over the range 10 −4 to 237 10 −6 torsional oscillations should become more apparent.
238
We focus on P r = 1 and each simulation is at the same value 239 of criticality; that is Ra/Rac 8.32 for all runs. However,
240
we do vary the magnetic Prandtl number, P m ∈ [1, 5], in 241 order to allow for a range in the magnetic field strength.
242
The values of Rac used are for the onset of non-magnetic Elsasser numbers too large for the Earth where Λ ∼ O(1).
294
The converse is true of the dipolarity, which decreases to 295 near Earth-like values for our larger P m runs. In Figs 1 and 2 we plot Br, truncated at harmonic de-297 gree 12, at the CMB for runs at two different values of P m.
298
Although both figures show dipolar fields, the dipolarity is 299 visibly stronger in Fig. 1 Although the columnar structure of Fig. 11 , for run 4R5,
404
is less striking, we are able to observe features moving radi- 
414
The plots displayed, and more generally the runs con- parameters from these two sets of runs (Table 2) .
428
One feature of TOs that we have not observed is the 
Core travel times
437
We are able to estimate the travel time for our observed We can use the values of UA(ro) (the Alfvén speed at 453 the equator at the CMB) given in TOs in our simulations ranges from months to ≈ 6 years.
458
TOs in the core are currently believed (Gillet et al., 2010) 459 to operate on a 4 to 6 year timescale and, from our set of 
Bandpass filtering
465
In order to observe TOs more clearly in our simulation data 466 we perform bandpass filtering on our ts-data from section better identify the TOs in our data. Fig. 12 , for run 5R5,
478
further highlights the two TOs that were identified in this 479 data previously (cf. Fig. 7 ). This data has been filtered of instead move outwards at a faster rate.
487
Further bandpass filtered plots for u φ , also over the 488 frequency modes 2 to 4, for runs 6.5R2 and 6.5R5 are pre-489 sented in Figs 14 and 15 , respectively. We have omitted plots 
514
The sensitivity in the bandpass filtering and preference 515 for low frequency modes draws our attention to two points.
516
Firstly, it validates our choice of τ for each run since TOs 517 appearing at low frequencies implies that they do indeed op-518 erate on the τ timescale. Secondly, the lack of TOs appearing 519 at higher frequencies also suggests that TOs do not operate 520 on timescale much smaller than τ . This was not immediately 521 obvious from our unfiltered data. white curves; rather we expect to find features at the origins 534 of the curves. Conversely, whenever the Reynolds force is large at the TC, 551 a TO is produced.
552
In Fig. 17 an excitation mechanism at the TC or by a wave propagating 
607
One of the most intriguing results from our simulations 608 is the apparent ability of waves to cross the tangent cylinder.
609
Waves can cross in either direction, however waves enter- propagation from ITC to OTC is a random and often infre-622 quent phenomenon resulting in the scarcity of such events.
623
One of our most studied simulations (6.5R5) was one of the 624 few to display propagation of waves from ITC to OTC.
625
We have been able to investigate the excitation mecha- 
